Original scientific paper In the current European Code EN 1992-1-1 a truss model with variable inclination angle of concrete compressive struts with a quite wide range of inclination angle, from 21,8° to 45°, is intended for use for shear design of reinforced concrete beams. However, some researches and recommendations indicate special attention when choosing the lower bound of inclination angle of the concrete compressive struts, due to the reduced compressive strength of cracked concrete. This work reviews theoretical background and shear design methods of reinforced concrete beams. Relation of the shear resistance to crushing of the compressive struts as a function of their inclination angle has been investigated through a parametric study, where three different approaches have been used in order to limit stresses in the compressive struts. Based on the comparison of results from the analysis a recommendation for shear resistance calculation of reinforced concrete beams in dependence on concrete strength in compressive struts of the truss model is given.
Introduction
Since the early days of reinforced concrete the socalled classical truss analogy developed by Ritter and Mörsch (Ritter 1899, Mörsch 1908) [1, 2] was proposed for shear design of reinforced concrete members (Fig. 1) . The truss analogy is based on a truss model with parallel chords and web members connected by means of pin joints, where the concrete compressive struts are inclined at 45° with respect to the longitudinal axis of the beam while the shear reinforcement represents the tensile web members. According to Zilch and Zehetmaier [2] , when the shear reinforcement (stirrups) is placed closely to each other the simple truss becomes a statically indeterminate truss (Fig. 2b) . Generally, the truss model may be considered as a statically determinate simple truss composed of resultant forces from parallel tension and compression stress fields with pinned joints (Fig. 2c) . However, experimental studies carried out in Stuttgart during 1960-s [3] indicated that the stresses in shear reinforcement were considerably lower than those predicted by the truss analogy model. This is due to the contribution of other components to the shear carrying mechanism, among which the most significant are: contribution of concrete in the compression zone, aggregate interlock along inclined cracks and dowel action of the longitudinal reinforcement crossing the crack [1] . Also, the actual inclination of the shear cracks is often less than 45° [3] , what greatly depends on the shape of the member cross-section. This means that Mörsch's truss analogy underestimates the shear resistance of a member (Fig. 3) . Reinforced concrete beams subjected to shear have been traditionally designed using one of the two following methods: 1) truss model with 45° compressive strut inclination angle and directly included the so-called concrete contribution (correction term) ∆V c ( Fig. 3) This kind of truss model was implemented in European Prestandard ENV 1992-1-1 [4] , ACI 318 Building Code [5] and in some National Codes mentioned in [6] . This method is the so-called standard method according to [4, 14] . It is also referred to as the extended Mörsch analogy (EMA) [1, 2] . 2) truss model with variable compressive strut inclination angle lower than 45° This method, based on plasticity theory, is accepted in the current European Codes [7, 8] .
The truss model with variable compressive strut inclination angle is a logical extension of the application of the strut and tie models, which have already been included in various Codes [5, 7, 8, 9] , on standard structural members. This method fits in the consistent approach of structural analysis, design and detailing of reinforced concrete structures and members, such as beams, columns, plates, deep beams, corbels, beamcolumn joints, special details etc., subjected to bending, shear and axial forces, torsion or punching shear [10] .
In the following of this paper a brief overview of the truss model with variable compressive strut inclination angle is presented, and various limitations of the inclination angles are discussed. On the basis of a parametric study, a recommendation for limitation of the stresses in compressive struts is given in dependence on the inclination angle chosen according to the shear resistance criterion of the member.
Basic features of the truss model with variable compressive struts inclination angle
A truss model of a reinforced concrete beam section is shown in Fig. 4 . The notations in Fig. 4 are as follows: V Ed , N Ed , M Eds -design value of the cross-sectional forces: shear force, axial force and bending moment with respect to the centroid of the tensile reinforcement, respectively, F swd and F cwd -tensile and compressive web member forces, F sd and F cd -tensile and compressive chord forces, θ -angle of inclination of the concrete compressive strut with respect to the longitudinal beam axis, α -angle of inclination of the tensile web member (shear reinforcement) with respect to the longitudinal beam axis.
Figure 4
Forces of the truss model [2] By analysing the truss model in Fig. 4 the design stresses in the inclined concrete compressive struts σ cwd (hereinafter referred to as compressive struts) and design stresses in the shear reinforcement σ swd may be determined. Assuming that the compressive struts represent the resultant of the inclined compressive stress fields, we get:
where: b w -minimum beam web width, z -lever arm (distance between the centroids of compressive and tensile chords), s A a sw sw = -cross-sectional area of the shear reinforcement within longitudinal spacing s.
Compressive stress in concrete σ cwd in Eq. (1) as well as the force F cwd in the compressive strut in Fig. 4 should be taken with a negative sign (σ cwd < 0 and F cwd < 0). Actually, the stress in concrete struts in Eq. (1) and the stress in shear reinforcement in Eq. (2) are defined as the web member forces F cwd and F swd distributed per area with width b w and length c' and c, respectively. The longitudinal reinforcement must be able to resist the additional force ∆F sd that occurs in the tensile chord due to shear, which can be determined on the basis of the truss model from Fig. 4 :
Replacing σ cwd in Eq. (1) with effective compressive strength of concrete cracked in shear f cwd and σ swd in Eq.
(2) with design yield strength of shear reinforcement f ywd , along with V Ed = V Rd,max and V Ed = V Rd,s we obtain the maximum design shear resistance of the member limited by crushing of the compressive struts V Rd,max :
and design shear resistance of the member limited by yielding of the tensile web members (shear reinforcement) V Rd,s :
Term V Rd,max also denotes the maximum shear capacity which a member can sustain for a chosen angle θ, provided that the shear force is carried by an appropriate shear reinforcement i.e. V Rd,max = V Rd,s and that an additional longitudinal tensile reinforcement to resist ∆F sd is provided.
From the analysis of the truss model in Fig. 4 it can be noticed that there are three equilibrium equations (1, 2 and 3) but four unknowns: concrete stress σ cwd , additional tensile force in longitudinal reinforcement ∆F sd , stress in the shear reinforcement σ swd and inclination angle of the compressive struts θ. Since there are only three equilibrium equations and four unknowns Mörsch concluded that it is mathematically impossible to determine the inclination angle θ [1] .
In 1964, Kupfer used minimum strain energy principle to determine the angle θ, while assuming linearelastic behaviour of both the reinforcing steel and cracked concrete [1] . In order to ensure that the strain energy of the bearing system has a minimum value, the stiffer the member the more load it must attract. Since in a typical reinforced concrete beam the longitudinal reinforcement is much stiffer than the shear reinforcement (stirrups), due to minimum strain energy principle the inclination angle θ must be lower than 45°.
In the truss analogy model (Mörsch-Ritter) the shear failure of a beam is governed by Eq. (2) assuming the shear reinforcement yields (σ s = f yd ) and that the compressive strut inclination angle equals 45°.
Instead of assuming that θ equals 45°, we can assume the compressive strut stress equal to the effective compressive strength of cracked concrete f cwd along with the amount and yield strength of the shear reinforcement, in order to determine the shear resistance (V Rd,s = V Rd,max ) and inclination angle θ solving equations (1) and (2) . As an alternative, both, the yielding of shear and longitudinal reinforcement may be assumed, and inclination angle θ and shear resistance (V Ed = V Rd,s ) may be obtained through Eqs. (2) and (3). In addition, it still needs to be checked that the concrete stress does not exceed the effective compressive concrete strength ( |σ cwd | ≤ f cwd ), meaning that V Rd,s ≤ V Rd,max , and that there will be no crushing of the compressive struts. This type of failure mechanisms can be only achieved through proper redistribution of internal forces between concrete compressive struts and tensile reinforcement, which is based on plasticity theory [10, 11] .
Limitation of the compressive struts angle
Structural analysis of members containing shear reinforcement using the truss model with variable inclination angle of compressive struts is based on the lower bound theorem (static theorem) of the theory of plasticity. According to lower bound theorem, each load satisfying a statically admissible stress field in which the yield strength of reinforcement and/or concrete compressive strength are not exceeded anywhere lies below the collapse load. A statically admissible stress field is every field in which the equilibrium conditions are satisfied. Hence, the ultimate shear resistance may be determined choosing an almost arbitrary inclination angle θ of the concrete compressive struts. This method, based on plasticity theory, implies that the element has sufficient ductility in order to ensure proper redistribution of internal forces within member what is possible due to plastic behaviour of the steel reinforcement.
Plasticity theory implies that the material has the ability to deform in a plastic manner. However, since concrete permits only limited plastic deformations, the range of the compressive strut inclination angle should be limited. For low inclination angle θ a large elongation of the shear reinforcement is required which in turn widens the inclined cracks and reduces the resistance of the inclined compressive struts [10, 12, 13] . At the same time, wider cracks may lead to a reduction of durability. Therefore, the lower bound value of the compressive strut inclination angle should be limited. In Tab. 1 a brief overview of various recommended values for compressive strut inclination angle θ to be used for shear design of reinforced concrete beams using the variable angle truss model is given.
Limitation of the lower bound of the inclination angle θ according to German Codes DIN 1045-1 and DIN EN 1992-1-1/NA is based on a truss model with crack friction [12] , where the principal shear carrying mechanism is due to aggregate interlock (Fig. 5 ).
The notations in Fig. 5 are as follows: T crd and N crd are tangential and normal forces, respectively, acting at an inclined crack due to principal tensile stresses, and β r is the inclined crack angle.
If there were no aggregate interlock along the crack faces, the compressive strut inclination angle would be equal to the crack angle, ie. θ = β r . Since there actually occurs a shear transfer across the crack due to aggregate interlock the resultant inclined compressive stress field (compressive struts) will cross the cracks at a shallower angle (θ < β r ). In the following only the vertical shear reinforcement (α = 90°) will be considered.
Figure 5
Free-body diagram of the end support region cut out at an inclined crack [2] Vertical component of the resultant force at an inclined crack V Rd,cc ( 
It can be noticed that Eq. (6) has the same form as obtained using the extended Mörsch analogy (Fig. 3) for θ = β r = 45°, since it includes the shear reinforcement contribution (determined for θ = β r ) and the concrete contribution. According to German Codes [8, 16] and research [12] V Rd,cc may be determined using the following empirical expression:
where: c j = 0,50 η 1 -correction factor for lightweight concrete (η 1 = 1 for normal weight concrete), f ck -characteristic compressive cylinder strength of concrete (in MPa), σ cd -design value of normal stress at the centroid of the reinforced concrete member cross-section (negative for compression), f cd -design value of concrete compressive strength (in MPa), b w -minimum member cross-section width. Design value of concrete compressive strength f cd is defined as:
where:
α cc is the coefficient taking account of unfavourable long term effects and effects resulting from the way the load is applied, and γ C is the partial safety factor for concrete [7, 8] . According to [8, 16] 
The crack inclination angle depends on the concrete tensile strength and on normal stress in the concrete. German Codes [8, 16] and literature [2] propose a linearized term expressed through the design value of concrete compressive strength f cd :
Finally, the condition for compressive strut inclination angle proposed by German Codes [8, 16] 
For reinforced concrete beams without normal stresses, using Eq. (11) it can be determined that cot β r = 1,2, i.e. β r = 39,8°.
Effective concrete compressive strength
Variable angle truss method utilises effective concrete compressive strength which is lower than the standard concrete compressive cylinder strength. In this way the cracking of concrete and stress field distribution across initial cracks in the concrete web is taken into account. For example, Marti [17] suggests 0,6f' c , where f' c is the nominal concrete compressive strength according to ACI 318 [5] .
Approach according to EN 1992-1-1
According to EN 1992-1-1 the effective design value of concrete compressive strength is obtained by reduction of the design compressive strength f cd :
where α cw is a coefficient that takes into account the effect of normal stress in the compression chord, α cw = 1,0 for non-prestressed members, ν 1 is the strength reduction factor for concrete cracked in shear:
and f cd is the design value of concrete compressive strength according to Eq. (8).
Approach according to DIN 1045-1 and DIN EN 1992-1-1/NA
German Codes [8, 16] define the effective design value of concrete compressive strength of normal weight concrete for shear design as:
where ν 2 is a coefficient which depends on characteristic compressive cylinder strength:
Strength f cwd according to Eq. (15) is the maximum value which the effective concrete strength may take.
Further reduction of the compressive strength is not intended for use, since the ability of transferring concrete stresses across inclined cracks at a certain angle θ is explicitly taken into account through concrete contribution V Rd,cc in compressive strut range angle limitations [12] .
Approach according to Canadian researches
According to Canadian researches [13, [18] [19] [20] , which are implemented in CSA 2004 Standard [17] , effective compressive strength of cracked concrete in the web (compressive struts) f c2,max is obtained as reduction of nominal concrete compressive strength f' c through softening parameter β:
Softening parameter β may be determined as:
ε 1 -the average principal tensile strain in web, ε x -longitudinal strain in web calculated at the mid-depth of the effective web width (at z/2, z in Fig. 4 ), ε 2 -principal compressive strain (in the direction of the compressive strut), negative value, θ -stress field (strut) inclination angle with respect to the tensile chord. Expression (19) results from the stress field theory [1, 21] in which the equilibrium and compatibility conditions of web cracked in shear in reinforced concrete members are included. The advantage of this approach lies in the following: greater principal tensile strain causes wider cracks, which in turn reduce aggregate interlock contribution and cause smaller effective concrete compressive strength f c2,max .
The softening parameter β in Eq. (18) has been derived on the basis of a large number of reinforced concrete panel tests loaded in shear [13, 12, 20] . Majority of the tests have been carried out on concrete whose strengths were smaller than approximately 40 MPa. For members with higher concrete compressive strengths the softening parameter β may be determined as [22] :
where K c represents the effect of the transverse cracking and straining, while K f represents the dependence on the concrete strength f' c .
In this work the model with both the peak stress and the strain at which the peak stress occurs reduced (socalled "strength and strain-softening model") is used (Fig.  6) . This model was chosen since for concrete with greater compressive strength gives greater reduction, what is in good accordance with most researches [6] . Transverse cracking factor K c according to [22] may be determined as: 
The strength-influence factor K f is defined as:
where f' c is the nominal compressive cylinder strength of concrete in MPa.
Parametric study
A parametric study of normalised maximum design shear resistance in dependence on inclination angle θ has been conducted taking into account the three above presented approaches for stress limitation in the compressive struts (EN 1992-1-1, DIN 1045-1/DIN & EN 1991-1-1/NA and Canadian researches).
Normalised maximum design shear resistance
In order to compare the previously described approaches with EN 1992-1-1, the maximum shear resistances V Rd,max are normalised according to the following expression:
where: v Rd,max -normalised maximum design shear resistance, α cw ν 1 f cd -effective design concrete compressive strength (f cwd ) according to Eq. (12) for non-prestressed members, f cd may be determined using Eq. (8) with the recommended value of α cc = 1,0 according to EN 1992-1-1 [7] . This study is conducted for vertical shear reinforcement ie. stirrups (α = 90°) and for reinforced concrete non-prestressed beams subjected to bending moment and shear force (α cw = 1,0).
a) Approach according to EN 1992-1-1
Normalised maximum design shear resistance may be determined using Eq. (4) and (23) Maximum design shear resistance V Rd,max may be determined using Eq. (9), assuming at the same time crushing of the compressive struts and yielding of the shear reinforcement, i.e. V Rd,max = V Rds = V Ed . It should also meet the condition in Eq. (15), by using the appropriate f cwd in Eq. (4). Thus, the normalised maximum shear resistance follows as: 
where f cd is in MPa.
In the above Eq. (25) f cd is multiplied with 0,85 whereby the difference between recommended value according to EN 1992-1-1 (α cc = 1,0) and prescribed by German National Annex (α cc = 0,85) is taken into account [16] . After some arranging of Eq. (25) and using η 1 = 1 for normal weight concrete according to (7) 
where f ck is in MPa.
In case of reinforced concrete beams without axial force considered in this paper cotβ r = 1,2.
c) Approach according to Canadian researches
In order to compare this approach with approach according to EN 1992-1-1 (a), strength softening parameter β is instead on nominal concrete compressive strength f' c applied on the design concrete compressive strength f cd . Hence, the design effective concrete compressive web is obtained as:
Tehnički vjesnik where:
β -concrete strength softening parameter, f cd -design concrete compressive strength defined through (8) for α cc = 1,0, assuming that f' c ≈ f ck .
Design compressive strength f cd is defined in accordance with EN 1992-1-1 reliability concept in which the partial factors are used both for materials and actions.
Furthermore, we assume that the concrete strain in web ε x equals 0,001, which is generally valid for reinforced concrete beams [12] . In addition, the principal compressive strain in concrete web ε 2 is assumed to be equal to the concrete compressive strain reaching the concrete compressive strength ε c2 . According to EN 1992-1-1, ε c2 = -0,002 for concrete whose characteristic compressive cylinder strength is less or equal to 50 MPa (for high-strength concrete |ε c2 | is greater than 0,002).
Taking the compressive strain ε c2 and appropriate concrete compressive strength along with yielding of the shear reinforcement we obtain the shear resistance satisfying the lower bound theorem of plasticity theory.
This means that in this case equilibrium equations according to stress-fields are the same as those obtained through variable strut inclination model [1, 6] .
Maximum shear resistance V Rd,max is determined through substitution of f cwd calculated according to Eq. (5) with f cwd calculated according to Eq. (27), which gives the normalised value:
Results of the parametric study and discussion
Parametric study was conducted through Eqs. (24), (26) and (28), in which the compressive struts inclination angle (45° ≥ θ ≥ 21,8°, inclination limitation according to EN 1992-1-1) and concrete compressive strengths have been varied. The results of the study are shown in Fig. 7 and Fig. 8 . Characteristic concrete compressive strength on diagrams is denoted as: letter C and number denoting the compressive cylinder strength f ck in MPa; for example, concrete C20 has characteristic concrete strength f ck = 20 MPa.
Presented charts may be used, not only for comparison of above presented approaches for stress limitation in compressive struts but also for shear design of reinforced concrete beams. The design procedure may be performed using the diagrams according to the following procedure: 1) using resistance requirements V Rd,max can be equalized to V Ed (the value of V Ed is known in advance), then 2) from Eq. (23) v Rd,max may be calculated 3) depending on the concrete strength, for determined v Rd,max the inclination angle θ may be obtained from Fig. 7 or Fig. 8 4) using the obtained angle θ and meeting the condition V Ed = V Rd,s , from Eq. (5), the required shear reinforcement A sw may be determined.
Using the above described procedure the shear resistance will be satisfied with both yielding of the reinforcement and reaching the resistance of the compressive struts, i.e.: V Ed = V Rd,max = V Rd,s . For α < 90° the normalised design shear resistance v Rd,max may be determined by multiplying values obtained for α = 90° (Fig. 7 and Fig. 8 ) with (cotθ+cotα)/cotθ.
Based on the comparison of the diagrams in Fig. 7 and Fig. 8 it may be noticed that each of the proposed approaches gives conservative values for v Rd,max , with respect to the other approaches, in different ranges of the compressive struts inclination angle θ. 
Conclusion
In this work a brief overview of the design methods and theoretical background for shear resistance design of reinforced concrete beams is given. A design method with variable compressive strut inclination angle, which is based on the truss model, has been discussed. According to this method a variable compressive strut inclination angle, in limited ranges, is allowed. A review of the limitations of the compressive strut inclination angle according to various recommendations and currently valid Codes is given. Expressions for normalised maximum shear resistance are derived according to three different approaches: Eurocode European Standard (EN), German Codes (DIN) and according to Canadian researches (CAN). A parametric study is conducted and some diagrams are made showing normalised maximum shear resistance in dependence on compressive strut inclination angle, which may also be used for structural design of reinforced concrete beams subjected to shear forces. A comparison of shear resistance design methods using different approaches is given. Some differences have been observed: according to each of them conservative values of shear resistance with respect to other two approaches are obtained, in different regions of compressive struts inclination angle.
Observed differences between approaches are the result of various researchers using different experimental results for design procedure validation. These differences may be also a result of different theoretical shear resistance models used. Some additional researches with the aim of achieving the same shear design reliability will be needed in the future. With respect to the actual use of the Eurocode 2 (EN 1992-1-1) a caution is needed when choosing the lower bound inclination angle of the truss model.
It may be concluded that using the invariable inclination angle values for simplified procedure of shear resistance design proposed by the German recommendations will always satisfy the safety requirements no matter the approach used.
As an alternative, the use of an upper and lower bound value of the inclination angle, as given in Eurocode 2, may be used, with the condition that shear resistance with respect to the crushing of the compressive struts is determined as the most conservative value according to approaches presented on diagrams in this work.
